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A PENCIL OF ENRIQUES SURFACES WITH NON-ALGEBRAIC
INTEGRAL HODGE CLASSES
JOHN CHRISTIAN OTTEM AND FUMIAKI SUZUKI
Abstract. We prove that there exists a pencil of Enriques surfaces defined
over Q with non-algebraic integral Hodge classes of non-torsion type. This gives
the first example of a threefold with the trivial Chow group of zero-cycles on
which the integral Hodge conjecture fails. As an application, we construct a
fourfold which gives the negative answer to a classical question of Murre on
the universality of the Abel-Jacobi maps in codimension three.
1. Introduction
For a smooth complex projective variety X , we denote by CHp(X) the Chow
group of codimension p cycles and by H2p(X,Z) the Betti cohomology group of de-
gree 2p. The image H2palg(X,Z) ⊆ H
2p(X,Z) of the cycle class map clp : CHp(X)→
H2p(X,Z) is contained in the group Hdg2p(X,Z) ⊆ H2p(X,Z) of integral Hodge
classes. The integral Hodge conjecture is the statement that these two subgroups of
H2p(X,Z) coincide. While this statement holds for p = 0, 1 and dimX , it is known
that it can fail in general. The first counterexample was given by Atiyah-Hirzebruch
[1], who constructed a projective manifold admitting a non-algebraic degree four
torsion class. Later, a different type of counterexample was constructed by Kolla´r [2,
p. 134, Lemma], who proved that for certain high degree hypersurfaces X ⊂ P4, the
generator of H4(X,Z) = Z is not algebraic. This means that the natural inclusion
H4alg(X,Z)/ tors ⊂ Hdg
4(X,Z)/ tors
can be strict. Since then, many other examples of non-algebraic integral Hodge
classes have been found, both of torsion type [21, 4] and of non-torsion type [8, 24, 9].
In this paper, we study Enriques surface fibrations defined over Q and show that
they admit non-algebraic integral Hodge classes of non-torsion type.
Theorem 1.1 (=Theorem 3.1). There exists a pencil of Enriques surfaces defined
over Q such that the cohomology groups Hi(X,Z) are torsion-free for all i and the
inclusion
H4alg(X,Z) ( Hdg
4(X,Z)
is strict.
One can compare Theorem 1.1 with the result of Benoist–Ottem [4], which
showed that the integral Hodge conjecture can fail on products S×C for an Enriques
surface S and curve C of genus at least one. In those examples, the non-algebraic
classes in question are two-torsion, but the integral Hodge classes are algebraic
modulo torsion classes by the Ku¨nneth formula.
Theorem 1.1 also relates to certain questions concerning rational points of alge-
braic varieties. In a letter to Grothendieck, Serre asked whether a projective variety
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over the function field of a curve always has a rational point if it is O-acyclic, that is,
Hi(X,OX) = 0 for all i > 0. This question was answered negatively by Grabber–
Harris–Mazur–Starr [11], who constructed an Enriques surface without rational
points over the function field of a complex curve. Later, more explicit constructions
of such Enriques surfaces were given by Lafon [15] and Starr [22].
According to [22], Esnault expected that the Enriques surfaces of [11] and [15]
would satisfy a stronger property that every closed point has even degree over the
base field. If this were the case, it would give a pencil of Enriques surfaces with non-
algebraic integral Hodge classes of non-torsion type (this follows from [8, Theorem
7.6]). In fact, this observation was the starting point of the present paper.
Another feature of our example is that it has a trivial Chow group of zero-cycles.
Indeed, Bloch–Kas–Lieberman [5] proved that CH0(S) = Z for any Enriques surface
S, and from this one deduces that the same holds for any pencil of Enriques surfaces
(see Lemma 2.4). To our knowledge, this is the first example of a threefold with the
trivial Chow group of zero-cycles on which the integral Hodge conjecture fails (see
[8, Subsection 5.7] for a threefold constructed by Colliot-The´le`ne and Voisin which
conjecturally satisfies this condition).
As an application, we settle a classical question on the universality of the Abel-
Jacobi maps. We denote by Ap(X) ⊂ CHp(X) the subgroup of cycle classes alge-
braically equivalent to zero. The Abel-Jacobi map
ψp : Ap(X)→ Jpa (X),
where Jpa (X) is the Lieberman intermediate Jacobian [16], is regular: it defines an
invariant on Ap(X) with values in an abelian variety such that for any algebraic
family of codimension p cycles on X , the function mapping each point of the base
of the family to the value of the invariant of the corresponding codimension p cycle
is algebraic (see Section 4 for a more precise definition of regular homomorphisms).
A classical question of Murre [19, Section 7] asks whether the Abel-Jacobi map
is universal among all regular homomorphisms (see [26] for another universality
question from a different perspective). The answer is yes for p = 1, 2 and dimX
[18]. Combined with [23, Theorem 1.3], Theorem 1.1 implies that the answer is no
in general.
Corollary 1.2 (=Corollary 4.2). Let X be the pencil of Enriques surfaces of The-
orem 1.1. Then there exists an elliptic curve E such that the Abel-Jacobi map
ψ3 : A3(X × E)→ J3a(X × E)
is not universal: it factors through a universal regular homomorphism and the pro-
jection is an isogeny with non-zero kernel.
This paper is organized as follows. In Section 2, we study the geometry of certain
pencils of Enriques surfaces, defined as the rank one degeneracy loci of maps of
vector bundles on P1×P2×P2. In particular, we compute their integral cohomology
groups and Chow groups of zero-cycles. In Section 3, we prove the main theorem,
using a specialization argument. In Section 4, we apply the main theorem to Murre’s
question on the universality of the Abel-Jacobi maps.
We work over the complex numbers throughout.
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2. Geometry of pencils of Enriques surfaces
In this paper, a pencil of Enriques surfaces will mean a smooth threefold X
with a fibration X → P1 over P1 whose general fibers are Enriques surfaces. In the
course of the proof of Theorem 1.1, we will give a few explicit constructions of such
threefolds. We start with the construction of the Enriques surfaces themselves.
We will fix the following notation:
- PA = PP2×P2(O(2, 0)⊕O(0, 2)), E1 = PP2×P2(O(2, 0)), E2 = PP2×P2(O(0, 2))
- PB = PP2×P2(O(1, 0)⊕O(0, 1)), F1 = PP2×P2(O(1, 0)), F2 = PP2×P2(O(0, 1))
- PC = P(H
0(PB ,O(1))), P1 = P(H0(P2×P2,O(1, 0))), P2 = P(H0(P2×P2,O(0, 1))).
These spaces are related as follows. We can regard P1 and P2 as disjoint planes in
the five-dimensional projective space PC via the idetification
H0(PB ,O(1)) = H
0(P2 × P2,O(1, 0))⊕H0(P2 × P2,O(0, 1)).
Then the projective bundle PB is identified with the blow-up of PC along the
union of P1 and P2 with the exceptional divisors F1 and F2. Moreover, there is
a natural involution ι on PC induced by the involution on H
0(PB,O(1)) with the
(±1)-eigenspaces H0(P2 × P2,O(1, 0)) and H0(P2 × P2,O(0, 1)), respectively; the
involution ι lifts to an involution on PB, and we have PA = PB/ι. Thus there is
a double cover PB → PA over P2 × P2, ramified along Fi, and the divisors Fi are
mapped isomorphically onto Ei for i = 1, 2.
The projective models of the Enriques surfaces are defined as follows. On P2×P2,
we consider a map of vector bundles
u : O⊕3 → O(2, 0)⊕O(0, 2).
Let X be the rank one degeneracy locus of u.
Lemma 2.1. If u is general, then X is an Enriques surface.
Proof. Since the vector bundle O(2, 0)⊕O(0, 2) is globally generated, X is smooth
of dimension two by the Bertini theorem for degeneracy loci.
To show that X is an Enriques surface, we will describe its K3 cover Y . The
map u defines a global section s of O(1)⊕3 on the projective bundle PA. When
u is generic, the zero set Z(s) ⊂ PA maps isomorphically onto X via the bundle
projection PA → P2 × P2.
On the other hand, the map u also defines a global section of O(2)⊕3 on PB
invariant under the action of ι. Indeed, as (π∗OPB(2))
ι = (π∗π
∗OPA(1))
ι = OPA(1),
where π : PB → PA = PB/ι is a natural projection, we have a natural identification
H0(PB,O(2))
ι = H0(PA,O(1)) = H
0(P2 × P2,O(2, 0)⊕O(0, 2)).
Let Y ⊂ PB denote the zero set of this section. When u is general, we haveX∩Ei =
Y ∩Fi = ∅, so Y maps isomorphically to a smooth intersection of three quadrics in
PC via the blow-down map PB → PC . In particular, Y is a K3 surface. Again since
Y ∩Fi = ∅, the composition PB → PA → P2× P2 restricts to an e´tale double cover
Y → X . Hence X is an Enriques surface. 
Remark 2.2. The proof of Lemma 2.1 shows that the construction of Enriques
surfaces introduced above coincides with a classical one from [3, Example VIII.18].
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We will now use a variant of the above construction to construct pencils of
Enriques surfaces. On P1 × P2 × P2, we consider a map of vector bundles
v : O⊕3 → O(1, 2, 0)⊕O(1, 0, 2).
Let X be the rank one degeneracy locus of v.
Lemma 2.3. If v is general, then X is a pencil of Enriques surfaces by the first
projection X → P1. Moreover, we have Hi(X ,OX ) = 0 for all i > 0.
Proof. Since the vector bundle O(1, 2, 0) ⊕ O(1, 0, 2) is globally generated, X is
smooth and dimX = 3 by the Bertini theorem for degeneracy loci. Moreover, X is
connected since it is defined by three equations of type (2, 2, 2). The resolution of
the ideal sheaf IX of X in P1 × P2 × P2 has the form
0→ O(−3,−4,−2)⊕O(−3,−2,−4)→ O(−2,−2,−2)⊕3 → IX → 0.
From this it follows that Hi(X ,OX ) = 0 for all i > 0. 
We assume that v is general in what follows.
Lemma 2.4. The degree homomorphism deg : CH0(X )→ Z is an isomorphism.
Proof. Let C ⊂ X be a curve which is a complete intersection of ample divisors.
Then CH0(X ) is supported on C. This follows from the fact that any class in
CH0(X ) is represented by a zero-cycle supported on a union of smooth fibers of
the first projection X → P1 by the moving lemma, and that the Chow group of any
given Enriques surface is trivial due to Bloch–Kas–Lieberman [5]. As a result, the
kernel of the degree homomorphism is isomorphic to the Albanese variety Alb(X )
by decomposition of the diagonal [7] and the Roitman theorem [20]. On the other
hand, Alb(X ) = 0 since H1(X ,OX ) = 0 by Lemma 2.3. The proof is complete. 
To study the geometric properties of the threefold X in more detail, it will be
convenient to involve a second projective model of X .
Note that the map v defines a global section of O(1, 1)⊕3 on P1 × PA. Then
the zero locus of the section is mapped isomorphically onto X by the projection
P1 × PA → P1 × P2 × P2, so we can regard X as embedded in P1 × PA. Under this
identificaiton, each of the intersections X ∩ (P1 × Ei) is a disjoint union of twelve
components Ei,1, . . . , Ei,12 isomorphic to P
2.
Lemma 2.5. The threefold X has Kodaira dimension 1.
Proof. Let X be the class of a fiber of the first projection X → P1. It is straight-
forward to compute that
2KX = 2X +
2∑
i=1
12∑
j=1
Ei,j .
As the normal bundles NEi,j/X = OP2(−2) are negative, we obtain that κ(X ) =
1. 
We next describe a double cover Y of X . The map v defines a global section of
O(1, 2)⊕3 on P1 × PB invariant under the action of ι (which acts trivally on the
first factor). Let Y be the zero locus of the section. Then the projection P1×PB →
P1×P2×P2 restricts to a double cover Y → X . This double cover is ramified along
the divisors Y∩(P1×Fi) for i = 1, 2. Each Y∩(P1×Fi) is a disjoint union of twelve
components Fi,1, . . . , Fi,12 isomorphic to P
2, and each Fi,j is mapped isomorphically
onto Ei,j via the map Y → X .
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Finally the minimal model Ymin of Y can be described as follows. The section
defining Y can be regarded as a global section of O(1, 2)⊕3 on P1 × PC invariant
under the action of ι. Let Ymin ⊂ P1 × PC be the zero locus of this section. By
generality, this is a smooth threefold in P1×PC , and the projection P
1×PB → P
1×
PC restricts to the blow-up Y → Ymin along Ymin∩(P1×P1) and Ymin∩(P1×P2) each
of which consists of twelve points yi,1, . . . , yi,12. In this setting the Fi,j correspond
to the exceptional divisors of the blow-up.
Lemma 2.6. The Hodge numbers of X are given by h0,0(X ) = h3,3(X ) = 1,
h1,1(X ) = h2,2(X ) = 26, h1,2(X ) = h2,1(X ) = 45, and hp,q(X ) = 0 otherwise.
Proof. We first compute the Picard number ρ(X ). Using the Lefschetz hyperplane
section theorem, Ymin has Picard number two, so ρ(Y) = ρ(Ymin) + 24 = 26. More-
over, the action of ι on the Picard group of Y is trivial, so also ρ(X ) = 26.
We next compute the Betti numbers bi(X ). It is straightforward to compute
the topological Euler characteristic χtop(X ) = c3(TX ) = −36. Obviously b0(X ) =
b6(X ) = 1. Moreover, b1(X ) = b5(X ) = 0 and b2(X ) = b4(X ) = ρ(X ) = 26 using
Lemma 2.3. Therefore b3(X ) = 90.
Now the computation of the Hodge numbers are immediate using Lemma 2.3
again. 
We next study the topology of X . We fix the following notation:
- Xmin = Ymin/ι;
- Y◦ = Ymin − {yi,j}i,j ;
- X ◦ = Y◦/ι;
- Vi,j ⊂ Y, a small ball around yi,j ;
- Ui,j = Vi,j/ι.
We have Ymin = Y◦ ∪
(⋃
i,j Vi,j
)
and Xmin = X ◦ ∪
(⋃
i,j Ui,j
)
.
Lemma 2.7. The threefold X is simply connected, and the cohomology groups
Hi(X ,Z) are torsion-free for all i.
Proof. By the universal coefficient theorem, it is enough to prove that π1(X ) = 0
and H3(X ,Z) is torsion-free.
We first prove that π1(X ) = 0. We have a natural pushout diagram
π1(Ui,j ∩ X ◦) //

π1(X ◦)

π1(Ui,j) // π1(Xmin)
.
By Lefschetz, Y and hence Y◦ is simply connected. So since the quotient map
π : Y◦ → X ◦ is e´tale, we have π1(X ◦) = Z/2. The neighbourhood Ui,j ⊂ X is
homotopic to the affine cone over a Veronese surface, so we have π1(Ui,j) = 0.
Finally, since the map Vi,j ∩Y
◦ → Ui,j ∩X
◦ is homotopic to the universal covering
map (C3 − 0) → (C3 − 0)/±, we have π1(Ui,j ∩ X ◦) = Z/2. In fact, this cover is
induced by the restriction of π to Vi,j ∩ Y◦, so the map π1(Ui,j ∩ X ◦) → π1(X ◦)
is non-zero, hence an isomorphism. From the pushout diagram above, we then get
π1(Xmin) = 0. Resolving a finite cyclic quotient singularity does not change the
fundamental group ([14, Theorem 7.8]), so we also get π1(X ) = 0.
We next prove that H3(X ,Z) is torsion-free. The long exact sequence for coho-
mology groups with supports gives⊕
i,j
H3Ei,j (X ,Z)→ H
3(X ,Z)→ H3(X ◦,Z).
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Since H3Ei,j (X ,Z) = H3(Ei,j ,Z) = 0, the group H
3(X ,Z) injects into H3(X ◦,Z).
In particular, we are reduced to showing that H3(X ◦,Z) is torsion-free.
Since X ◦ is the quotient of Y◦ by the group 〈ι〉 ≃ Z/2, we can apply the Cartan–
Leray spectral sequence
Ep,q2 = H
p(Z/2, Hq(Y◦,Z))⇒ Hp+q(X ◦,Z)
to compute the cohomology groups of X ◦. We need to compute Hq(Y◦,Z) for
0 ≤ q ≤ 3 and the action of ι on these groups. Since Y◦ is obtained from Ymin by
removing finitely many points, we have an identification Hq(Y◦,Z) = Hq(Ymin,Z).
Clearly H0(Ymin,Z) = Z. By the Lefschetz hyperplane theorem, H1(Ymin,Z) =
0, and the groups H2(Ymin,Z) and H3(Ymin,Z) are torsion-free. Moreover, the
action of ι on Hq(Ymin,Z) is trivial for 0 ≤ q ≤ 2. Since the group cohomology
Hp(Z/2,Z) = 0 for p odd, it follows that Ep,3−p2 = 0 for p 6= 0. Therefore there is
an injection
H3(X ◦,Z) →֒ E0,32 = H
0(Z/2, H3(Y◦,Z)) = H3(Y◦,Z)ι,
where the right hand side is torsion-free. This completes the proof. 
3. Proof of Theorem 1.1
We are now ready to prove our main result:
Theorem 3.1. There exists a map of vector bundles on P1 × P2 × P2
O⊕3 → O(1, 2, 0)⊕O(1, 0, 2)
defined over Q such that the rank one degeneracy locus X is a pencil of Enriques
surfaces such that the cohomology groups Hi(X ,Z) are torsion-free for all i and
there is a strict inclusion
H4alg(X ,Z) ( Hdg
4(X ,Z)
Proof. We set P1×P2×P2 = ProjC[S, T ]×ProjC[X0, X1, X2]×ProjC[Y0, Y1, Y2].
Fix a sufficiently large prime number p. We consider a map of vector bundles as
above given by the matrix
M =
(
P1 Q1 R1
SY 20 + pP2 SY
2
1 + pQ2 SY
2
2 + pR2
)
,
where P1, Q1, R1 (resp. P2, Q2, R2) are general tri-homogeneous polynomials of tri-
degree (1, 2, 0) (resp. (1, 0, 2)) overQ. The degeneracy locus X is a pencil of Enriques
surfaces defined by the two-by-two minors of M . The torsion-freeness of the coho-
mology groups follows from Lemma 2.7, so it remains to prove that the integral
Hodge conjecture does not hold on X .
The closed subscheme defined by P1 = Q1 = R1 = 0 is a disjoint union of
twelve components E1,1, . . . , E1,12 isomorphic to P
2. First we prove that for a given
algebraic one-cycle α on X , we have
deg(α/P1) ≡ α ·

 12∑
j=1
E1,j

 mod 2.(1)
We use a specialization argument. We spread out XQ over a valuation ring R with
the maximal ideal containing p. The ideal of the flat closure of XQ in (P
1×P2×P2)R
is generated by the two-by-two minors of M and
F = det

 P1 Q1 R1Y 20 Y 21 Y 22
P2 Q2 R2

 .
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The specialization over Fp consists of two components: one is a pencil of Enriques
surfaces X˜0 defined by the two-by-two minors of the matrix
N =
(
P1 Q1 R1
Y 20 Y
2
1 Y
2
2
)
;
the other is defined by S = F = 0. It is straightforward to check that X˜0 is smooth.
The closed subscheme defined by P1 = Q1 = R1 = 0 is again a disjoint union
of twelve components E1,1, . . . , E1,12 isomorphic to P
2 and disjoint from the fiber
over S = 0 by the generality of P1, Q1, R1. We prove that for a given one-cycle α0
on the specialization over Fp, we have
deg(α0/P
1) ≡ α0 ·

 12∑
j=1
E1,j

 mod 2.(2)
We may assume that α0 is supported on X˜0. Let D be the Cartier divisor on X˜0
defined by P1 = 0. Since D is of type (1, 2, 0), we have
deg(α0/P
1) ≡ α0 ·D mod 2.
On the other hand, we have
D = 2G+
12∑
j=1
E1,j ,
where G is the Cartier divisor on X˜0 defined by Y0 = 0. Indeed, expanding the
two-by-two minors of N , it is easily seen that the identity holds on each of the open
subsets Yi 6= 0. Therefore we have
α0 ·D ≡ α0 ·

 12∑
j=1
E1,j

 mod 2.
The congruence (2) follows, so does the congruence (1) by the specialization homo-
morphism [10, Section 20.3].
The Hodge structure of H4(X ,Z) is trivial since we have H2(X ,OX ) = 0 by
Lemma 2.3. The proof of the theorem is reduced to proving that there exists a class
β ∈ H4(X ,Z) = H2(X ,Z) such that
deg(β/P1) = ±1, β ·

 12∑
j=1
E1,j

 = 0;
such β is not algebraic according to the congruence (1). Since E1,1, . . . , E1,12 are
the images of F1,1, . . . , F1,12 under the double cover Y → X , it is enough to prove
that there exists γ ∈ H4(Y,Z) = H2(Y,Z) such that
deg(γ/P1) = ±1, γ ·

 12∑
j=1
F1,j

 = 0;
the class β will be the push-forward of γ. By the Lefschetz hyperplane section
theorem, the push-forward H2(Ymin,Z) → H2(P1,Z) is surjective. Let γmin ∈
H4(Ymin,Z) = H2(Ymin,Z) be an element mapped to a generator of H2(P1,Z).
Then the pullback γ ∈ H4(Y,Z) of γmin satisfies the desired property. The proof is
complete. 
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Remark 3.2. Here we analyze the specialization used in the proof of Theorem 3.1
(this time over the complex numbers). The specialization consists of two compo-
nents: X˜0 defined by the two-by-two minors of N , and R defined by S = F = 0.
The component X˜0 is smooth, and it is a pencil of Enriques surfaces by the first
projection X˜0 → P1. On the other hand, R has isolated singularities, and a smooth
model R of R is another pencil of Enriques surfaces with a small contraction R→ R
contracting P1s over the singular points of R. In addition, X˜0 and R intersect in a
fiber over S = 0, and the intersection is an Enriques surface Z in P2 × P2.
Remarkably, both of the components X˜0 and R are rationally-connected: the
projections
X˜0 →֒ P
1 × P2 × P2
pr2−−→ P2, R →֒ P1 × P2 × P2
pr3−−→ P2
are conic bundles, therefore this follows from [12, Corollary 1.3]. In particular, the
integral Hodge conjecture holds on X˜0 and R by a result of Voisin [25]. As a conse-
quence, H2(X˜0,Z) and H2(R,Z) are generated by algebraic cycles.
It turns out, however, that this is not the case for the union X˜0 ∪R. A key point
here is the subtle difference between the Mayer-Vietoris sequence for homology
groups and Chow groups. For the homology groups, we have an exact sequence
H2(X˜0,Z)⊕H2(R,Z)→ H2(X˜0 ∪R,Z)→ H1(Z,Z) = Z/2→ 0.
For the Chow groups, on the other hand, we obviously have a surjection
CH1(X˜0)⊕ CH1(R)։ CH1(X˜0 ∪R)
(see also [10, Example 1.8.1]). It follows that H2(X˜0 ∪ R,Z) is not generated by
algebraic cycles.
A small modification of the above arguments yields a generalization of Theorem
3.1 to higher dimensions:
Theorem 3.3. For a given positive integer n, there exists a map of vector bundles
on P1 × P2n × P2n
O⊕(2n+1) → O(1, 2, 0)⊕O(1, 0, 2)
defined over Q such that the rank one degeneracy locus X is a smooth (2n+1)-fold
with a fibration over P1 whose general fibers are 2n-folds X with Hi(X,OX) = 0
for all i > 0 and universal Calabi-Yau double covers Y → X such that
(i) Hi(X ,OX ) = 0 for all i > 0;
(ii) κ(X ) = 1;
(iii) X is simply connected, and the cohomology group H3(X ,Z) is torsion-free;
(iv) the inclusion H2,alg(X ,Z) ( Hdg2(X ,Z) is strict.
4. Application to the universality of the Abel-Jacobi maps
Let V be a smooth projective variety. We recall that a homomorphism φ : Ap(V )→
A to an abelian variety A is called regular if for any smooth connected projective
variety S with a base point s0 and for any codimension p cycle Γ on S × V , the
composition
S → Ap(V )→ A, s 7→ φ(Γ∗(s− s0))
is a morphism of algebraic varieties. An important example of such homomorphisms
is the following. We consider the Abel-Jacobi map CHp(V )hom → Jp(X), where
CHp(V )hom ⊂ CHp(V ) is the subgroup of cycle classes homologous to zero, and
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Jp(V ) = H2p−1(V,C)/(H2p−1(V,Z(p)) + F pH2p−1(V,C)) is the p-th Griffiths in-
termediate Jacobian. Then the image Jpa (V ) ⊂ J
p(V ) of the restriction of the
Abel-Jacobi map to Ap(V ) is an abelian variety, and the induced map
ψp : Ap(V )→ Jpa (V ),
which we also call Abel-Jacobi, is regular [13][16]. A classical question of Murre
[19, Section 7] asks whether the Abel-Jacobi map ψp : Ap(V )→ Jpa (V ) is universal
among all regular homomorphisms φ : Ap(V ) → A, that is, whether every such φ
factors through ψp. It is true for p = 1 by the theory of the Picard variety, for
p = dim V by the theory of the Albanese variety, and for p = 2 as proved by Murre
[17][18].
Meanwhile, it was proved by Walker [27] that the Abel-Jacobi map ψp factors as
J(Np−1H2p−1(V,Z(p)))
pip

Ap(V )
ψ˜p
66
❧
❧
❧
❧
❧
❧
❧
❧
❧
❧
❧
❧
❧
ψp
// Jpa (V )
,
where J(Np−1H2p−1(V,Z(p))) is the intermediate Jacobian for the mixed Hodge
structure given by the coniveau filtration Np−1H2p−1(V,Z(p)) [6], πp is the natural
isogeny, and ψ˜p is a surjective regular homomorphism. If the Abel-Jacobi map ψp
is universal, then the kernel
Ker(πp) = Coker
(
H2p−1(V,Z(p))tors → (H
2p−1(V,Z(p))/Np−1H2p−1(V,Z(p)))tors
)
is trivial. In other words, the sublattice
Np−1H2p−1(V,Z(p))/ tors ⊂ H2p−1(V,Z(p))/ tors
is primitive.
We recall the main theorem of the paper [23].
Theorem 4.1 ([23], Theorem 1.3). Let W be a smooth projective variety such that
CH0(W ) is supported on a surface and the inclusion
H4alg(W,Z)/ tors ( Hdg
4(W,Z)/ tors
is strict. Then there exists an elliptic curve E such that the sublattice
N2H5(W × E,Z(3))/ tors ⊂ H5(W × E,Z(3))/ tors
is not primitive.
Now we prove that the Abel-Jacobi map is not universal in general.
Corollary 4.2. Let X be the pencil of Enriques surfaces of Theorem 3.1. Then
there exists an elliptic curve E such that the Abel-Jacobi map
ψ3 : A3(X × E)→ J3a(X × E)
is not universal: it factors as
J(N2H5(X × E,Z(3)))
pi3

A3(X × E)
ψ˜3
55
❦
❦
❦
❦
❦
❦
❦
❦
❦
❦
❦
❦
❦
❦
ψ3
// J3a(X × E)
,
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where the Walker map ψ˜3 is surjective regular, and the natural isogeny π3 has non-
zero kernel, or equivalently, the sublattice
N2H5(X × E,Z(3)) ⊂ H5(X × E,Z(3))
is not primitive.
Remark 4.3. The Walker map ψ˜3 in the statement is universal by [23, Theorem
1.1].
Proof. We have CH0(X ) = Z by Lemma 2.4. Moreover, the cohomology group
H4(X ,Z) is torsion-free and the inclusion H4alg(X ,Z) ( Hdg
4(X ,Z) is strict by
Theorem 3.1. Now the assertion follows by applying Theorem 4.1 to W = X . The
proof is complete. 
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